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Gauge theory in higher dimensions ⑦ - y

Donaldson - Thomas

(1)
"

complex ificatim
"

of real 3 , 4 - dimensional

gauge
theories :

- 3 - dimensional Casson Invariants

⇒ Donaldson-Thomas invariants
on a Calabi-Yau 3-fold .

( Thomas , Pandharipande -Thomas , Joyce - Song ,
Kmtsevich - So : belman , et al .)

• 4 - dimensional Donaldson invariants

⇒ D- -14 invariants

on a Calabi-Yau 4- fold .

( Borisov - Joyce , Cao
- Leung , et al . )

(Tt) Gauge theories on manifolds
with

special holonomy
⑦a- Instantons

,⇒ { Spin 17 ) - instantons .



⑦ -2

Hitchin - Kobayashi correspondence

✗ : compact K'a'
hlen surface

F- →✗
,
hermitian vector bundle on✗

1 : I

{
irreducible

ASD connections
} ↳ {

" stable
" holomorphic

vector bundles ]
→

- rather well- understood objects

in Algebraic Geometry .

- also useful to calculate{
the polynomial invariants .

More generally , this holds for Hermitian
-Yang -Mills

connections on a compact Kiihler manifold of
dime -_ M3 1 .

( Donaldson , Uhlenbeck - Yan , et
al

. )



Donaldson - Thomas invariants ⑦-3

✗ : Calabi-Yau 3- fold

want to count semi stable
sheaves on ✗

.

Two Issues :

! obstructedmess of the moduli space

of semi stable sheaves on ✗
.

④ compactness of-

-

Thomas sorted out these by using

Algebraic Geometry .

④ ⇒ can use Fieseler compactification ,
it Is kind of automatic

in

the algebra -geometric setting .



! ⇒ can construct (symmetric perfect ⑦-4
obstruction theory :

Automorphisms : Exe ° ( F- , E) I Q ,
if semi stable

= stable .

tangent space : Ext ' (E) E)
, <3 they are

dual

obstruction space
: Ex,

2 (E
,
E ,

,

c
+0 each others

via Serre duality
and Kx -5 Ox

higher obstruction : Ext
' IE

,
E) ( called

"

symmetric
" )

space ± Exile, E)
Serre duality + Kx-5 Ox
=^ Q

,
it semi stable = stable .

So
, you are

in the situation of having
an Atiyah - Hitchin

- Singer like complex .

⇒ A
" perfect obstruction theory

"
by

Behrend - Fantechie l developed
in ⑦M-theory)

produces a class 1 "virtual fundamental class ) in the

Chow group ofthe moduli space
M in the degree

being the expected dimensions :[MT
" EA * 1M )

,

if semi stable = stable
.



Donaldson - Thomas invariants ⑦ -5

The Index ( = - the virtual dimensions )
is always zero .

⇒ The invariants are just counting , I. e. ,

they are defined
as

Sangin 1-

More generally , Joyce - Song defines

the Invariants for the case

semi stable =\ Stable .

MN op conjecture

relating rank 1 Donaldson
- Thomas invariants

with ⑦W invariants .

(Maulik - Nekrasov
- Okounkov - Pandharipande)



⑦
'

-1
-42 - instantons

1¥:÷:÷÷÷:P : principal F-bundle over ✗

⇒ Ñ logp ) decomposes into

vlog p ) = hip lofp ) ⑦ vital Yp ) .

Def
- A : connection on P is a A- instantoh

,

if

1T¥ IFA ) = 0 ,
-
-
- *)

where Tig : v21 Yp ) → rip logp ) is

the projection .

Rmk : since

v4 lyp )={devil Yp ) / *gldn 4) = - ✗ J,

A) Can be written as

☒gl FA n 4) = - FA .



It is also convenient to write the A- inStanton ④
'

-2

equation
in the following form :

FAA 4 = 0
,

where 4 = *¢4 c- n
"H ) , or

* (Far 4) + da 3=0,

where } c- n°1 yp ) .

Note that } E o if

A is irreducible .

We then consider the following system of the

equations :

{
* ( FA ^4) + da } = 0

,

DAY a = 0 ,

where A = Aot a with a c-Ñ Ibp 7
.

Linearis att oh

↳ : W typ ) ⑦ hi llfp )

→ No ( yp ) ⑦ N' llfp ) , where

2A = ( 0 DA't

DA ☒ C4ndA ) ) •



Spin 17) - instantons ④ -3

( X
,
R , g) i spin 171

-manifold

P→× : principal A-bundle over ✗

G : compact
Lie
group

⇒ hi logp ) decomposes into

rely p ) = rift Cfp ) ⑦ real of p ) .

Def
A : connection on P is a Spin 17 ) - instanton

,

if IF I FA ) = 0
,

where 177 : v6 / Yp ) → WE lgp )

is the projection .

The deformation complex is given by

0→ no lyp ) nilyp ) Nfl Yp ) → 0 ,

where DAF : = Tilt o DA
.

Rmk As in the A- Instanton case , the above

spin 171 - Instanton equation can
be written as

*
g IFA rn )

=
- FA

.



D- -14 invariants ( Borisov - Joyce , Cao -Leung) ④ -4

{ X : Calabi-Yau 4- fold

do : holomorphic 4- form on ✗

complex Hodge star operator

*o
,

: N°12 (X) → n°-2 (X )

defined as an ☒ooh = Ca , b) 0J

for a
,
h c- N°12 (X )

.

⇒ not (X ) I n°1 ⑦ ni? •

complex As D equations

(1-1*00) FA
"2=0

,

FAM
,
w

= O
,
w : killer form on X .

These form an elliptic system with a gauge fixing .

( In fact , the equations are equivalent
to the spin 17) - instanton

equations on a Calabi-Yau 4- fold . )

• Borisov - Joyce constructed a
deformation Invariant

out of the moduli space of solutions to the
above equations

on a Calabi-Yau
4- fold

.

(1-2) - shifted symplectic structure
⇒ d-manifold structure .)



Constructions of Iz - instantons ⑦
'

-5

- Walpuski
' 13 on Joyce 's compact Az - manifolds

.

-
'
13 adiabatic construction

• Sa
'

Earp - Walpuski
' 13 :

construction on

Kovalev /Conti - Haskins -Nordstrom
- Pacini 's

compact -42 - manifolds

- Examples :

• Walpnski
'15

- Menet - Nordstrom - Sa
'

Earp
'
15

. Clarke '14 :

on Bryant -Salamon
's A-manifolds

with -4=5412)



construction of spin 17 ) - instantons ⑦
'

-6

- Lewis '

98 : on Joyce 's first examples

of compact spin 17 ) -manifolds

' T ' 12 ! on Joyce 's second examples

of compact spin 17 ) -manifolds

- Walpuski
'

13 : adiabatic construction

- Clarke '

13 : on Bryant - Salamon 's

spin 17 ) -manifolds with A-
Sulz)

cf . Studies on Yang-Mills connections in high dimensions

from physicists ' perspective : Corrigan - Devchand
-

Fairlie - Nuyts
'

83
,
Ward

'

84
,
Fairlie - Nuyts

'

84

Fubini -Nicolai
'85

, Acharya -0
/Loughlin - Spence

'

97

Banker -Kanno -Singer
'98
,
Kanno - Yasui

'

00 and

other people .



Bubbling - off in higher dimensions ⑦ -1

✗ : compact n- dimensional smooth
manifold

P → X
, principal F-bundle over ✗

A : compact Lie group

Th .
( compactness theorem , Nakajima

'
88 )

{ A :) , ←µ : a sequence of Yang-Mills connections

with IFAP ar E c < v0 .

Hausdorff measure

⇒ Is CIN , I

7-
s c. ✗ with 7th

-4
( s ) < is ,

closed

7-
Q i a principal G- bundle

over ✗ IS
,

±

A : a Yang-Mills connection on Q

such that

tk C
compact

✗ 'S
,

⇒ Gjk : PIK → 21k
,
jes

So that

{ gjk ( A ;) )je, converges to A

in co- topology on K .



Th
.

( Removal singularity theorem , Nakajima
'877 ⑧ -2

A : smooth Yang - Mills connection on G-vector

bundle F- over 13,10 ) I { o } .

⇒
7-
E > o such that if Jp

, ,o ,
/ FAfdV< E

then 7-
gauge

transformation
of such that

g* (E) extends to a smooth A- vector bundle

over Belo ) and g*A extends to a

smooth Yang - Mills connection AT on
É

.

d- ASD connections

✗ : compact oriented smooth M-manifold

g : Riemannian metric on ✗

☒
g

: the Hodge star operator

W : closed CM - 4) - form on ✗

F- →✗ : unitary vector
bundle over ✗

Def ' A : connection on F- Is an n
-ASD

,

if Yg FA
=
- FARM

.



⑦ -3Rmk
W -Asps are Yang - Mills connections .

"I dA*FA= - ☒ DA * Fa = - ☒gdA 1- Farm )g y

= 0
,

since dAFA=0 ( Bianchi identity)

and N is closed
.

☐

Examples

⑦z - Instantons : W = para tell closed

3- form

- Spin 171 - instantons : N= parable closed

4- form

- Hermitian - Yang - Mills connections :

n=Ymm imam )

- complex ASD : N=4Re / a) + Ew ?

Do ; holomorphic 4- form , w
: Keibler form .



Th
. tian ) ⑧-4

{ Ai } , c-µ : sequence of R
- ASD connections

.

⇒ 7-A CIN
,

1-
S : (n- 4) - rectifiable subset

in✗
,

7-
{ gigas : gauge

transformations over ✗IS
,

⇒
A : R - ASD over ✗ IS

such that

{ go (Ai ) lies converges
to A

on tk SpaceX 'S .

In addition ,
7-
☒ :S → 2 ,

integral density ,

such that him cz 1A;) = cz (A) + Cz CS , ④ ) ,
[→ is

where czcs , ④ ) (4) := 1¥14, Mls ) ④ d 7th
-

Is

for 4 C- Nm
-4
(X )

.

Moreover , if N is a calibration , then IS, ④ )

is an n - calibrated cycle .



⑧-5rectifiable set

F- CIR
"

i m - rectifiable
,

if I { fi } : a countable collection of

continuously differentiable maps fi
: IRM → Rh

such that 7hm ( El Ñ fi ( Rm ) ) = 0
.

E- 0

( Hausdorff measure



Sketch of proof ⑧ '- l

Th . ( Monotonicity formula , Price
' 83
,
Tian too )

For any 0 < 6 < perp , rp : injective radius

at p EX,

p
4-meat JB

, ,p
,

IFAF drg

- 64
-

me
" " SB

, ,p ,
IFAF drg

I 4) v4 -hear
' / JFA /Zdrg,

Bplp )\Bolp )

where a is a constant .



Ih. (curvature estimate, Uhlenbeck
'

82
,
Tian 'oo ) ⑦

'
-2

A : Yang - Mills connection

⇒
7-
E > 0 ,

7-
C = Ccm ) > o such that

for Fp c- X and P < np
,

if
p
" - n JB

,
,p ,

IFAP dvg < E
,

then / Fat cp , s § (p
" -mf lfaidrg )±

.

Bplp )



④
'

-3Blow - up
locus

Sh I {Ai } ) : = A {✗ c-✗ / liminf ear
'
ne-n

r>o [→ is

fBrcx) / FAI
?

dtrg < q g
,

⇒ pen-4 ( Sa ( { A :| ) ) < A .

Monotonicity
formula

⇒ convergence
outside Shl {Ait )

.

Curvature

estimate



⑤-4Normal direction

Th . (Tinn )

{ A :| : a sequence of d- ASD
connections

.

Assume that KES satisfies

A)
1- !
tangent plane

V=TxS CTXX
,

(2) ④ (a) 3 Eo > 0 and

Iim r "
- m

g IFAP drg = 0
.

r→u Brix )

Then
,

7-
6 : Tx X → Tx ✗ ,

linear transformation

such that a subsequence of { o:* exp.it A :S

converges
to an Nx - ASD connection B on Tx✗

with 1=13-+0 , where
Nx :

-
- n /Tax .

Moreover , n L FB I 0 for any
MEN

.



⑦
'

-5

More detail on 7hm-4 ( Shl {Air 1) < is

See F- i. r :={ xc-xfeamr4-mfzp.gl/=A:PdVgZE} .

⇒ Ez ,n CE i. ri for rfr !

monotonicity

⇒ 7-
{ i; } : a subsequence of { is

diagonal
argument

such that for each
h

F- ↳ ,
2-
he converges

to F-
z
-h

.

Then F-
z
-h C Ez - e fork > l .

So
,
set S := An F-

a-
h

.

⇒ 7th-4 ( s ) < is
<

again

monotonicity ( note that Sh ( {Ait ) CS . )



tiring construction of spin 17 ) - instantons ⑧ -1
by Walpnski

bubbling - off

gluing

.
.

a familyof

a codimension 4 submanifold

Let :

( X , N , g) ! Spin 171 -manifold

Q : Cayley submanifold



Instant on moduli bundle -2

µ : the moduli space of framed ASD Instantons

on a principal F- bundle over 1124

F- is : principal F- bundle over Q § : compact
Lie group)(

Ap : connection on F-
is

Define

m :-( Fr INA ) ✗ F-A) ✗ son , ✗EM

¥
Then ,

a section of m 8=7 a family of ASD instantons
on Q

.

However, all the sections
would not be

glued together to a spin it )
- instanton

on ✗
,
i. e.
,
we need a control on

the horizontal direction to
do that

.



Fneter operator ⑧ -3

Recall the identification 1+-1*2-5 NN*2
.

Take a local orthonormal frame < Ii > of

so IT 2) I so (NQ ) . .

Define

• Homn ITA ,Na )

i= { L c- Hom ITA , NQ ) / § I:L Ii = -3L }

C Hom ITA
,
NQ )

,

• 8L : =L - § I :L Ii , L c- Hom ( TQ
,
NQ )

.

This gives
the projection Hom ITI ,

NA )

→

HomnlTQNQ7.DefF@ipcA.Nd) → TIQ , HomnlTQ.NO ) )
,

Fal m ) : = 8 ( Dm )
.

We call this Fueter operator .

Def A Cayley submanifold Q is unobstructed
,

if Fa is surjective .



Fueter sections of Instanton moduli bundle ⑧ -4

pm : = Fr INA ✗ F-A) ✗so (4) ✗AT M

K
.

( vertical tangent bundle )

Takes c- PCM ) and consider

- Hann ITQ , s*VM ) C Hom ITA , VM ) ,
• ✓ i Hom ITQ , VM )→ Hann ITQ , s*VM)

.

Define

Fen : Plm ) → PlHom* ITA , Firm ))
"

s → rites ,
,

where D: S 1-> Ds Eric storm )

is defined via connections on N, Q, F- is .



Def s c- Plm ) is a Fueter section , ⑧-5

if Few (5) = 0 .

dinearised Fneter operator

Fsm : Pls *Vm ) → Pltlomnlta , s*vm ) )
u v

si 1-7 8111751
.

Def
A Fire ten sections is unobstructed

,

if the linearis ed Fueter operator Fen

Is surjective .



Tht lwalpuski )
'

-1

( X , n ) : compact Spin 17) -manifold .

Suppose
. Ao : irreducible unobstructed

spin 17 ) - instantons on a F-
bundle Eo

over ✗
,

- 2 : unobstructed Cayley submanifold,

, , mommy,, paean seeing

the instanton moduli bundle

M -7 I associated to
F-old

.

⇒ 7-

A > O
,

E : d- - bundle with a family of

irreducible and unobstructed Spin 17 ) - instantons

(AA ) AE 10 , A ] .

Moreover , Aa → Ao on ✗ is as 7-70 ,

and for VICE Q an ASD connection in
the

equivalence class given by say
bubbles off

transversely .



Th -

2 lwalpnski ) ⑧
'

-2

Suppose
i Q : Cayley submanifold

with

self - intersection number Zero ,

diffeomorphic to a 1<3 surface

with metric sufficiently close to

a hyper Kahler metric ,{
.
g. man, , .mn . ,,nmµ, ,

almost flat
.

⇒ There exists a t - dimensional family of

spin 177 - instantons on an Suez ) - bundle F-

over✗ with Cz (E) =P.
D. [I ] .

Moreover , if Qn , . . .

,
2h : a collection

of k - distinct Cayley submanifolds as
above

,

then there exists an 18h - 3)
- dimensional

family of Spin (7)
- Instantons on an Suez ) - bundle

F- over ✗ with CalE)
= £ P.

D. [Qi ]
.

[= 1



Example -3

Joyce : X : spin 17 ) -manifold

with two disjoint Cayley submanifolds

Qi
,
Qz of the kind as above .

" " ""

Ca ( E ) - n P
.
D

.
Can ] + m P

. D. [ Qz ]

for tn , m
c- IN by taking small

perturbations of Qr
and Qz as 23

,
. .

.

.

This includes Lewis ' example .



Sketch of proof of Th .
2 ⑤-4

• Q : spin

⇒ Fa is the twisted Dirac operator

ITRelsjxv ) ) → Pl Relsoi ④v1 ),

where V = SIA .

Fact
pipe ( SI ) ) → PIPE ISa- ) )

is surjective on 1<3
.

• the metric on Q is close to a hyperkoihlen

metric and the
connection on NQ is almost

flat
.

⇒ Fa is also surjective
.



Take ⑧
'

-5

• Do : the trivial connection on the

trivial SUR ) - bundle

( index =-3 ) ,

"

{ . µ : +ne moduli space of rank,

framed ASD instantons on 1124

with Cz (E) = 1 .

Under the assumption , Fen is surjective,

and it has an 8 - dimensional kernel .

obtain a 5- dimensional family⇒

by Th - 1 of spin 17 )- instantons .



Gluing construction of Az
- instantons

- y

by Wal puskie

{ (X ,
¢ , g) i ④2-manifold

P C X : associative submanifold

Recall TP IN N
☒ P

u v

n 1-7 - IW ) ¢ .

Thinking of AN
☒P C so ( P )

,

one obtains

8 : TP → End ( NP ) .

Fueter operator

Fp : P (NP ) → PINP )
u u

n- r m)
,

where V7 Is a connection on NP induced by

that on X
.

Define
of, : 1- (m )→Pls

*m )

in a similar way to
the Spin 17 ) - instanton case .



Linearised Fneter operator
-2

Fs
, ¢ : PC VM ) → Pls*rm ) .

This is elliptic , self-adjoint .

But it cannot

be invertible
,
If s is a Fueter section ,

since it comes with a 1-parameter family
of Fueter sections (Sxtxepzt .

So
,
we consider (4)een, -1 )

: a family

of torsion - free A- structures
on ✗

,

i a family ofwe then have ( Pt )
t.eu :-p )

associated submanifolds in ✗ ,
where -14-10 , -1 ],

and (Mt ) e c- c- -11, -1g : a family of
instanton

moduli bundles with a family of Fueter

operators (⑦ Pt )
ee c-T

'

, -1
'
)

•



Suppose : -3

So : Fneter section of Mo

with dim Ker Fso
,
do = 1

.

⇒ 7-
( Shee µ ,,+ ,

: a family of
implicit
function sections of me with
theorem

Fe ( Si ) -1Mt ) those
= 0
,

where µ ! ft ' , -1
' ) → IR

,
a smooth

function vanishing at Zero,
and Ñ c- Plum)

is a vector field generated by the action

of 117 on M .

Def

So Is unobstructed with respect
to ¢0

,

if %¥=o*° •



Th . lwalpnski ) -4

(4)+ c- 1--1, -1 )
: family of torsion - free

Iz- Structures .

Suppose
. B : unobstructed -42- instanton on

a A-bundle Eo over (X , %),

- P : unobstructed associative

submanifold in ☒ , Go ) ,

s : Fuetersectimot the instant"

moduli bundle mover P

associated to F- olp ,

that Is unobstructed with respect

to ft ) .

⇒ 7-
A> o

,

7- F- :-P
-bundle with a family

of connections ( Aa ) A c- ( o , s ]
,

7- continues function ti [ 0 , A ] → (-T, T )

with tlo ) = 0 such that

A- ✗ i A- instanton on
F- over IX. ¢+14 ) )

for A C- ( 0 , A ] .



-5
Moreover

,
Ax converges to B

on ✗ IP
,

and for % c- P an ASD instanton

in the equivalence class given by
six )

bubbles off transversely as a → 0
.


